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ABSTRACT

An elastic semi-infinite layer occupying the region 0 < x < oo, 0 <y <a under out-of-plane stress is investigated.

The problem is formulated using conformal mapping and Mellin transform and solved by method of residue. A
closed form solution for the displacement is obtained as a solution of the Neumann problem. The shear stress
states at the interior of the material are determined from the displacements. The stress component at the point

y= % in the interior of the layer is dependent on the applied load T while the displacement vanishes at the same

point indicating that cracking will start at the interior of the layer where y :% , as the applied load T becomes

very large.

Keywords: Mellin transform, conformal mapping, Neumann boundary value problem, semi-infinite layer, anti-
plane stress.

1. INTRODUCTION Theocaris and Dafemos [5] analyzed a rectangular

The Neumann problem for an elastic cylinder under
out-of-plane loading was investigated by Nnadi [1].
Using complex variable methods, he obtained the
desired stress intensity factor. Sneddon [2] analyzed
the distribution of potential in an elastic wedge
without a crack. The stress intensity factor for a wedge
under out -of-plane stress was calculated by Emenogu
and Nnadi [3], Ouchterlony [4] carried out the analysis
of an infinite wedge subjected to concentrated loads.
Employing the Wiener Hoph  technique, the
asymptotic expressions for the stresses are derived.

strip under plane stress. Using Mellin transform,
Theocaris and Makrakis [6] solve the problem of
crack kinking in anti-plane shear.

In this paper we consider a semi-infinite elastic,
isotropic layer of height @ units subjected to self-

equilibrating anti plane shear loads of magnitude T
on the length of the strip. The geometry of the
problem is shown in fig. 1. In respect to the Cartesian
coordinate system, the equation of motion is the
Laplace’s equation

o’ 0°
—‘f + _? =0 1)
oX~ oy
The loading induces the boundary conditions
o, (xy)=0 @)
o, (X y)=%T, 0<x<w, 0<y<a 3)

The problem is to investigate the stress state at the interior of the layer to determine possible crack initiation point.

y z plane

t

glxa)=T

Val ¢

Jvz(xr 0) =-T

Fig. 1. The geometry of the problem
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2. SOLUTION OF THE PROBLEM
To make the problem analyzable by method of integral transformation, the original Z -plane of analysis is
transformed onto the W -plane by the holomorphic function

W(z):cosh(gjz . Z=X+iy, W=U+iv )

Applying the holomorphic function, we have
w(z)=cosh Z(x+iy) = cosh Z x cosh Z iy —sinh Z xsinh Z iy
a a a a a
T T .. T . T
=cosh—xcos—y—isinh—xsin—y
a a a a
T T . T . T
u(x,y)=cosh=xcos=y and v(x,y)=-sinh=xsin=y ©)
a a a a

Using eqn.(5) , we obtain the transformed plane as

w plane
v
A B’ C_ D wu
-1 1 v

Fig.2. Showing the transformed W -plane in the upper half plane

From the stress-displacement relation O'XZ(X, y)=yw and o, (X, y)=y%
(6)
we have
w(xy) _, | ow(xy)_ T )
OX oy U

From the conformality condition ¢(X, y)=w(u,v), the governing equation together with the boundary
condition becomes

o'w  o'w
- +—— =0 8
ou®  ov? ®
8W(U,O) aT [ ”xj_l
— = e ©)
ov ur
aW(U,a) aT( ﬁle
—=— gt (10)
ov ur
In polar form, eqns.(8),(9) and (10) becomes
o’w(r,8 ow(r,o o’w(r,8 L
W(2 )+1 ( )+i2 W(Z )=O, r=e?, 9=zy (11)
or ror r 06 a
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ow(r,0)  aT ow(r.z) _aT

-2 (12) =
00 MTT 00 724
(13)
Next, we apply the Mellin transform [7] defined by
W(s,0) :IW(r,Q)err (14)
0
to eqgns. (11),(12) and (13) to get
d*w(s,o &
#sz—v(s,e):o ,—1<Res<1 as Ms0)__ T
do 00 MUTTS
(16)
ow(s,z)  aT a7
o0 HUTTS
Solving eqgn.(15), we consider a solution of the form
W(s,0) = p(s)cossd+Qsinsé (18)
To obtain the values of the unknown coefficients p(S) and Q (S) , we have
ow(s,6 .
% = —spsin s+ sQ cossé (19)
ow(s,0) _ aT
———==-3psins(0)+sQcoss(0)=——
00 P ( ) Q ( ) uzs
arl
=S = —_—
MTTS
aT
Q=——"3 (20)
HTTS
Also
ow(s, ) . aT
————==-8pSINS(7)+SQCOSS(7)=—
06 P ( ) ? ( ) uzs
:—spsins(ﬂ)—s( aszCOSS(ﬂ')Z—i
MUTTS urzs
spsin s(z)zi—(ijcoss(n)
urzs HUTTS
i ar
spsins(z)=——|1-cossx
psins(z)=——] ]
aT {1—COSS7[}
=——| — (21)
uzs SIN xS
Next , we substitute egns.(20) and (21) into eqn.(18) to obtain
W(s,0)= aT2 {l__COS”S}coses— aT2 sins@
uzs SIN S uzs
= aTZ{(l__COSﬁSjcoses—sin 39}
urzs SIn 7S
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_aT [ cos@s—coszscosds —sinzssings
uzs sinzs

uzs? sin s

aT [ cos@s— [cos 7SCOSHS + Sin s sin 93]}

aT {COSHS—COS(?Z’—Q)S:|

" uns sinzs 2
Once eqn.(14) is satisfied, the displacement sought for is given by the inverse of the Mellin transform given by
1 C+ioo
w(r,0)=— | r°w(s,0)ds , -1l<c<l
(n0)=55 ) rw(s.0) @)
Hence, we have
w(r,@):i_ s aTZ[COSQS—?OS(ﬁ—Q)S}dS | oot
27l %, 7S SIn s
Application of residue theory and Jordan’s lemma, leads to
w(r,0) Z—;{%«9+§2%(cosn9cos(7z9)")]r” r<l1 (24)
%[%g%(cos nQCOS(ﬂ'@)n)jl r or>1 25)
3.0 Analysis of the stress field
For r<1
aT | 1& (-1 .
w(r,0)=—|=-0+= ~—(cosn@—cosn(z—0)) |r" ,0<O<x
ur| 2 Tod n
awége) = j; {—1+%g (_i) (—sin n@—sinn(z —0))] r" ,0<0<rx
o, (1,0)= %% = %[—l—ig <_§) (sinng+sinn(z - 9))] " (26)
For r >1
aT | 1.& (-1 i,
0)="—|= 6 y
w(r,0) ﬂ”L; > (cosng —cosn (7 ))]r
8w(gr96?) =— ;; ,Z:‘(_r? (sinng+sinn (- H))] r"
O, = %% = —i g(_i) (sin ng+sinn (7z - 9))} rt
For r<1
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w(r,0) =— at L —H—EZﬂ(coan—cosn(n—e))}r” 0<0<r

HTT T 2 n2

ow(r,d) _aTn {E_g_liﬂ(cos n6’—cosn(ﬂ—6’))]fn1 +r"(0)

or ur | 2 7% n®

ow naT| 7z 1& (1) 4
o, (r,0)=py—=—-|—=-60+—>» ~——(cosnd—-cosn(z—86)) |r"
For r >1
aT | 1. & (-1) )
w(r,0)=—/|— cosngd—cosn(z—8))|r
o~ 15 C (=-0)
_ = (-1)"
ow(r,6) _ —naT lz( 2) (cosn@cosn(;z@))]r“
or ur | r43 N
o, (r 9):/,@:_6‘ (1) (cosng—cosn(z-6)) |r " (28)
" ’ ar 72'2 n=1 n
Analyzing the stresses in the original Z plane ( X, Y ) coordinates, we use
Iy
w(r,¢9):w[ea ,—yjng(x,y) (29)
¢(x,Y)aT[ﬁ ﬁy+ Z cosnzycosnﬂ(llj]ea, e’ <1
UTT 74 n? a a
= (-1)" e =
:illz( 2) COSﬂzy—COSHﬂ'( —Xﬂe ,oe " >1 (30)
ur| r43 n a a
Hence
w rﬂ[z Zy+%g(_nlz) cosn%y—cosnzr(l—%j]ea (31)
8 y n nzx
¢(XjnT7z7ra1(1) a (1aja
— &/ Xo =y cosnZxS _cosnz|1-=xZ|le
OX 2 a 2 %5 n a 2 a 2
=O
Therefore
a
X,— =0 32
ou 1) -
Also
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nzx

a¢(x,y) = ar [0—z+liﬂ(—n—”sin n%y—n—”sin n;z( —Xjﬂe ’

oy UT a 73 n a a a
0 _1n ”%ax
=ﬂ[—z—lzu(sinn—ﬂyﬂinn;z(l—ljj]e
ur| a a3 n a a

T { 2 (-1)”(. o ( yD] o
=——/| 7+ sin—y+sinnz|1-= | ||e
UTT ~ n a a

0 _1” %
a¢g§’y)=%{%—§y+%§(nz) COSﬂ—y—COSHF( —%ﬂe
0 _1 n nzx
= [7{+Z( ) (sm +sin ) e
HTT n=1 n
Therefore
a
oW X,— n nx
a (2) T (-1 o onz | F
Oy Xo |m p——=—— 77+22—S|n— e (33)
2 oy m ~ n 2
For €2 >1

1&(-)"( nz a 1 a))| ™
—Z | cos—x——cosnz|1-=x—|||e
TS N a 2 a 2

,U n=1 n
a
oo, X—=1=0 35
%) e
Similarly

op(x.y) _aT lli (_12)n (—n—”sinn—” y+nsinn (ﬂ _Z yj(—zjﬂenzx

:_2_;@—;)” [Smnfy+sinn(ﬂ_§yj(_§jj] =
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a

5W[X,2) at i(_l)n (sinn—ﬂxgﬂinn(ﬂ—%x%)(—zn e_%X

aT | & (-)" (. nz . 72') -
=——\> sin—+sinn= | e
ur| o3 n 2 2
(36)
0 _ln _hzx
_ o8l Z( ) sinZ [e =
HTT| n=1 n
a
0 X, nzx
a ¢( 2) 2aT | & (_1) . nhx .
o, %= |=n =— > sin— |e 37)
2 oy 7 |= 2
q
The displacement at y=§, e <1
aT |7 = 1&(-1) V3 ( 7 j =
X, =————VY+— cosn—y-cosn| r —— ea
#(%.y) ur| 2 a ﬂ; n? ( a’ a’
¢(x,gj=aT E_Z(E}lz cos—”(aj—cosn ,,_Z(Ej e
2) urm|?2 7% n® a\2 a\?2
0 _1n nzx
_arjz_ ﬂ+lzg COSn—ﬁ—COSﬂ(ﬁ—zj e
,u7z 2 2 me3on 2 2
=0 (37)
a
The displacement at y:E, ed >1

{3)

_al ii(_lz) (coszn—cosznj ee
ur| 753 n 2 2
=0

4.0 Conclusion

In this paper, the crack initiation point for an isotropic
layer under out of plane stress is investigated and
established to be at the origin of the layer. The novelty
of constructing a holomorphic function that mapped
the complex geometry of the z plane into a upper half
plane as shown in Fig.2 , enabled the use integral
transform method to obtain an analytic solution of the
displacement field.
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25 U on2{ 2 -as - 2( 3] |

nzXx

(38)
The results show that since the shearing stress

oy, (X,%J depends on the applied tractions T , it
follows that cracking will initiate at the origin of the
layer if T becomes very large. This information
furnishes the manufacturer as well as the user of the
isotropic layer or appliance to get a crack breaker
handy and at the right position of likely crack
initiation.
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